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In this paper, we present the precision predictions for three photon production in the standard model 
(SM) at the ILC including the full next-to-leading (NLO) electroweak (EW) corrections, high order initial 
state radiation (h.o.ISR) contributions and beamstrahlung effects. We present the LO and the NLO EW +
h.o.ISR + beamstrahlung corrected total cross sections for various colliding energy when √s ≥ 200 GeV
and the kinematic distributions of ﬁnal photons with 
√
s = 500 GeV at ILC, and ﬁnd that the NLO EW 
corrections, the h.o.ISR contributions and the beamstrahlung effects are important in exploring the 
process e+e− → γ γ γ .
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license 
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.1. Introduction
After the infusive discovery of the Higgs boson by the AT-
LAS and CMS collaborations at the CERN Large Hadron Collider 
(LHC) [1,2], the next important goals of further collider experi-
ments are to determine the nature of the discovered Higgs boson, 
investigate the predictions of the Standard Model (SM), and search 
the hints for physics beyond Standard Model (BSM). The multi-
ple gauge boson productions are extremely essential in probing 
the self-coupling properties of the gauge boson. Especially, neu-
tral gauge boson couplings provide a clean window to study new 
physics in the BSM, since the trilinear neutral gauge boson cou-
plings (TNGCs), which test the gauge structure of the SM, and the 
quartic neutral gauge boson couplings (QNGCs), which may provide 
a connection to the mechanism of electroweak symmetry breaking 
(EWSB), vanish in the SM at tree level and any deviation from the 
SM prediction might be connected to the residual effect of EWSB. 
To directly measure the quartic gauge boson couplings, the inves-
tigations of triple gauge boson production are required. Precise 
predictions for such SM processes are important as the quantum 
corrections are often comparable to the BSM effects. Presently, the 
phenomenological results for all the triple gauge boson produc-
tions at hadron collider in the SM are available at next-to-leading 
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SCOAP3.order (NLO) in QCD [3–11] and for WW Z and W Z Z productions 
in the SM can be obtained at electroweak (EW) NLO [12,13]. At 
the e+e− colliders, calculations at EW NLO have been performed 
to WW Z , Z Z Z , Zγ γ , WWγ and Z Zγ productions [14–19].
In this paper, we present the full NLO EW corrections to the 
triple photon production at the e+e− colliders, as well as the high 
order ISR contributions at the leading-logarithmic approximation 
in the structure function method. The reaction e+e− → γ γ γ pro-
vides a background to Higgs boson production in association with 
a photon and has been measured with L3 detector at LEP to get 
limits on the anomalous Hγ γ and H Zγ couplings [20]. It can also 
be used to present the limits on the QNGC Zγ γ γ from the e+e−
colliders [21]. We quantify the improvement in the predictions at 
the total cross section with various collider energy and kinematic 
distributions to match the ILC experimental accuracy.
The rest of this paper is organized as follows: in Sect. 2, we 
describe the details of the calculation, mainly the virtual and the 
real emission as well as the high order contribution. The numerical 
results are discussed in Sect. 3 and ﬁnally, we conclude in Sect. 4.
2. Calculation details
In our calculation, we adopt the ’t Hooft–Feynman gauge 
and apply FeynArts-3.7 package [22] to automatically generate 
the Feynman diagrams. The corresponding amplitudes are sub-
sequently reduced by using FormCalc-7.4 program [23]. We ne-
glect the contributions from the Feynman diagrams which involve  under the CC BY license (http://creativecommons.org/licenses/by/4.0/). Funded by 
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electron mass is tiny.
The leading-order (LO) cross section for e+e− → γ γ γ process 
is O(α3). At NLO O(α4), we encounter virtual as well as real 
emission contributions resulting from an additional photon. Virtual 
amplitudes are already at O(α5/2), hence only the interference 
of them with the LO Born amplitudes will contribute to the NLO 
level. The real emission process at NLO level comes from additional 
photon emissions from the LO processes. The ultra-violet (UV) di-
vergences, coming from the virtual contributions, are regularized 
using the dimensional regularization scheme and can be removed 
through proper counter terms [24,25]. The infra-red (IR) singular-
ities coming from the real emission processes get cancelled with 
those coming from the virtual processes. We regulate the IR sin-
gularities by using inﬁnitesimal ﬁctitious photon mass and extract 
them from the emission corrections by employing the dipole sub-
traction (DS) method.
In the calculation of one-loop Feynman amplitudes, we adopt 
the LoopTools-2.8 package [23] for the numerical calculations of 
the scalar and tensor integrals, in which the n-point (n ≤ 4) ten-
sor integrals are reduced to scalar integrals recursively by using 
Passarino–Veltman algorithm and the 5-point integrals are de-
composed into 4-point integrals by using the method of Den-
ner and Dittmaier [26]. In our previous work [17,27,19], we ad-
dressed the numerical instability originating from the small Gram 
determinant (detG) and scalar one-loop 4-point integrals [16]. In 
order to solve these instability problems in the numerical cal-
culations, we developed the LoopTools-2.8 package, which can 
automatically switch to the quadruple precision codes in the re-
gion of small Gram determinants, and check the results with ones 
by using OneLoop package [28] to verify the correctness of our 
codes.
In the DS method, an auxiliary function, which has the same 
singular structure pointwise in phase space with the squared am-
plitude of the real emission process, is subtracted to obtain IR 
ﬁnite results, which can be integrated numerically. In order to get 
ﬁnal unchanged results, the subtracted term is added again af-
ter analytical integration over the bremsstrahlung photon space. 
The formalism of the dipole subtraction, which is a process in-
dependent approach, was ﬁrst presented for QCD with massless 
unpolarized partons by Catani and Seymour [29–31] and subse-
quently was generalized to photon radiation off charged fermions 
with arbitrary mass by Dittmaier [32]. In our calculations, we di-
rectly use the general subtraction formalism in Ref. [32]. To verify 
the correctness of our numerical calculation, we also check the in-
dependence on the cut parameter labelled α with α ∈ (0, 1], which 
is introduced in Refs. [33,34] to control the size of dipole phase 
space. We transfer the formulae for QCD with partons in the initial 
state in Ref. [34] in a straightforward way to the case of photon 
emission off incoming leptons.
Due to the smallness of the electron mass, the emission of pho-
tons collinear to the incoming electrons or positrons induces the 
quasi-collinear IR singularities, i.e., initial state radiation (ISR). The 
ISR quasi-collinear IR singularities can be partially cancelled by 
the virtual corrections. The left ones would lead to large radiative 
corrections of the form αn logn(m2e/Q
2) at the leading-logarithmic 
(LL) level. To achieve an accuracy at the few 0.1% level, the higher-
order contributions from this part beyond NLO have to be taken 
into account. According to the mass-factorization theorem, the LL 
initial state QED corrections can be expressed as a convolution of 
the LO cross section with structure functions by using the struc-














dσ(x1pe+ , x2pe−), (1)
where x1 and x2 denote the fractions of the momentum carried by 
the incoming electron and positron just before the hard scattering, 
Q 2 is the typical scale where the hard scattering occurs chosen 
as the colliding energy 
√
s in our calculations and the LL structure 
functions LLee(x, Q
2) are detailed in Ref. [36] up to O(α3). The LO 
and one-loop contributions must to be subtracted to avoid double 
counting when we add the Eq. (1) to the NLO EW corrected re-
sult. The explicit expression for the subtracted terms are presented 
in Ref. [35]. In the following, the subtracted ISR effect is called 
the high order ISR (h.o.ISR) contribution beyond O(α), labelled as 
σh.o.ISR.
In order to achieve high luminosities at linear colliders, the 
bunches of electrons and positrons have to be very dense. Un-
der these circumstances, the electrons undergo acceleration from 
strong electromagnetic forces from the positron bunch (and vice 
versa). Both particles may emit photons so that they lose energy 
and momentum before the interaction. This synchrotron radiation 
is called beamstrahlung and has a strong effect on the energy spec-
trum D(x1, x2) of the colliding particles. The observable e+e− cross 













dσ(x1pe+ , x2pe−). (2)
The energy spectrum D(x1, x2) depends strongly on the acceler-
ator design and assumed beam parameters and can be obtained 
with Circe1 [37] by using ILC accelerator design parameters in this 
paper. We deﬁne the beamstrahlung effects as σBS = σBS − σLO.
In this paper, the total EW corrected results are deﬁned as the 
summation of the LO cross section, NLO EW corrections, the h.o.ISR 
contributions and the beamstrahlung effects,
σEW = σLO + σNLO + σh.o.ISR + σBS (3)
In order to analyze the origin of the NLO EW corrections clearly, 
we also calculate the NLO photonic (QED), originating from vir-
tual photon exchange and real photon radiation, and purely weak 
relative corrections with σNLO = σNLO QED + σweak. The cor-
responding relative corrections of various effects are deﬁned as 
δ ≡ σx−σLOσLO (x = NLO, NLO QED, weak, h.o.ISR, BS).
3. Numerical results
3.1. Input parameters and event selection criterion
The relevant SM input parameters used in our calculation are 
taken as [38]:
α(0) = 1/137.035999074,
MW = 80.385 GeV, MZ = 91.1876 GeV,
me = 0.510998928 MeV, mμ = 105.6583715 MeV,
mτ = 1.77682 GeV,
mu = 66 MeV, md = 66 MeV,
mc = 1.2 GeV, ms = 150 MeV,
mt = 173.21 GeV, mb = 4.3 GeV, (4)
44 Y. Zhang et al. / Physics Letters B 758 (2016) 42–46Fig. 1. (a) The LO and total EW corrected cross sections (σLO and σEW) for the 
e+e− → γ γ γ process as the functions of the colliding energy √s at the ILC. (b) The 
corresponding NLO EW, h.o.ISR, beamstrahlung, NLO QED and purely weak relative 
corrections (δNLO, δh.o.ISR, δBS, δNLO QED and δweak).
where the current masses of the light quark (all quarks except 
t-quark) can reproduce the hadronic contribution to the photonic 
vacuum polarization [39].
In our default setup, in order to exclude the inevitably infrared 
singularity at tree level, we require kinematic cuts for ﬁnal-state 
three photons
Eγ ≥ 8 GeV, | cos θγ | ≤ 0.995, (5)
which are experimentally accessible [40,41]. We order the ﬁnal 
photons according to their transverse momenta. The hardest pho-
ton with maximum transverse momentum is denoted by γ1. Like 
wise, γ2 and γ3 represent the second and third hardest photon, 
respectively. If additional photon emission is present, any further 
phase-space cuts will only be applied to the three visible photons 
with highest pT , while the forth is treated inclusively to ensure IR 
safety.
3.2. Total cross section
In Fig. 1a, we present the LO and total EW corrected integrated 
cross section for the e+e− → γ γ γ process with the colliding en-
ergy 
√
s ≥ 200 GeV in the SM at the ILC. The corresponding NLO 
EW, NLO QED, weak, h.o.ISR and beamstrahlung relative correc-
tions are shown in Fig. 1b. Some representative numerical results 
of the LO and total EW corrected cross section, and the corre-
sponding NLO EW, h.o.ISR and beamstrahlung relative corrections 
are presented in Table 1. From these ﬁgures, we ﬁnd all the curves 
for the cross section decrease quickly with the increment of 
√
s, 
and the LO cross sections are always enhanced by the NLO EW, 
beamstrahlung and total EW corrections while reduced by the ISR Fig. 2. (a) The LO and total EW corrected transverse momentum distributions of the 
hardest photon γ1 with 
√
s = 500 GeV at the ILC. (b) The corresponding NLO EW, 
h.o.ISR, beamstrahlung, NLO QED and purely weak relative corrections.
Table 1
The total LO cross section (σLO), total EW corrected integrated cross sections (σEW) 
and the corresponding NLO EW, h.o.ISR and beamstrahlung relative corrections 
(δNLO, δh.o.ISR and δBS) for the e+e− → γ γ γ process at the ILC.
√
s (GeV) σLO (fb) σEW (fb) δNLO (%) δh.o.ISR (%) δBS (%)
200 902.08(47) 942.47(61) 6.29 −2.17 0.36
250 639.84(33) 673.54(42) 6.54 −2.04 0.77
300 480.03(25) 520.68(33) 6.72 −1.86 3.61
400 301.70(16) 328.48(21) 6.70 −1.56 3.73
500 208.92(11) 227.62(14) 6.54 −1.40 3.80
600 154.10(8) 167.68(11) 6.25 −1.28 3.84
800 94.72(5) 102.70(7) 5.54 −1.02 3.91
1000 64.63(3) 69.77(5) 4.80 −0.78 3.93
effect beyond O(α) in the whole √s range plotted. We also can 
see that the absolute NLO EW, h.o. ISR and beamstrahlung effects 
can maximally reach about 6.72%, 2.17% and 3.93% respectively, 
which are all notable. The weak relative corrections fall off with 
increasing 
√
s, eventually reaching about −2.8% at an energy of 
1 TeV. While the NLO QED relative corrections always rise and ar-
rive at 7.6% at 1 TeV. In the electroweak corrections, both QED and 
weak contributions partially compensate each other.
3.3. Kinematic distributions
In this section we investigate some kinematic distributions of 
ﬁnal photons for the e+e− → γ γ γ reaction at the ILC with √s =
500 GeV including the NLO EW, h.o.ISR and beamstrahlung correc-
tions.
In Fig. 2a, we show the LO and total EW corrected trans-
verse momentum distributions of hardest photon γ1 (i.e., 
dσLO
γ1 and dpT
Y. Zhang et al. / Physics Letters B 758 (2016) 42–46 45Fig. 3. (a) The LO and total EW corrected rapidity distributions of the hardest pho-
ton γ1 with 
√






). The bin-by-bin distributions of the NLO EW, h.o.ISR and 
beamstrahlung relative correction for the corresponding observable 
are provided in Fig. 2b. We ﬁnd that, the lower limit on the hard-
est photon transverse momentum is pγ1T = 20 GeV at LO because 
of the cut of | cos θγ | ≤ 0.995, whereas at NLO and/or higher order 
it can be very small due to the recoil against the extra photons 
helps to fulﬁll the transverse momentum cut, which was not pos-
sible at LO. For the same reason, the NLO EW, h.o.ISR and beam-
strahlung relative corrections are very large at the lower plotted 
region. We can also see that the peak of the pγ1T distributions at 
LO is at pγ1T ∼ 45 GeV while for EW corrected distributions, it is 
at pγ1T ∼ 40 GeV. That is, the hardest photon tends to be softer 
owing to the additional photon emission when the EW corrections 
are included. Besides, near the upper end of the pγ1T spectrum, the 
NLO EW, the h.o.ISR and the beamstrahlung corrections become 
more and more sizable, and can respectively reach about −50.7%, 
10.5% and −49.6%, which are all notable. At the peak of the LO 
pγ1T distributions, the NLO EW, the h.o.ISR and the beamstrahlung 
relative corrections are 17.2%, −2.9% and 5.4% separately, which 
are also all sizable. Therefore, the NLO EW, the h.o.ISR and the 
beamstrahlung corrections are all worth being taken into account 
to measure the triple photon production at the ILC. In Fig. 2b, we 
also plot the NLO QED and purely weak relative corrections. It can 
be seen that the NLO QED relative corrections become more and 
more negative with increasing pγ1T because of the reduced phase 
space after the extra photon radiation off the initial state, which 
prohibits a cancellation of large IR-sensitive virtual corrections by 
the real corrections. It is now clear that the large negative cor-
rections for high photon transverse momentum result from NLO 
QED corrections. For the chosen 
√
s, the purely weak corrections 
depend only weakly on pγ1 and are only at the per-cent level. TFig. 4. The LO and total EW corrected distributions for the invariant mass Mγ γ (a) 
and the separation Rγ γ (b) between the hardest photon γ1 and the second/third 
hardest photon γ2/γ3 with 
√
s = 500 GeV at the ILC.
The smallness of the purely weak corrections is mainly due to 
the minor corrections at 
√
s = 500 GeV, which can be seen in 
Fig. 1b.
The distribution of the rapidity of the hardest photon are shown 
in Fig. 3. We can see that the LO and EW corrected rapidity distri-
butions of the hardest photon peak at the position of |yγ1 | ∼ 1.6
and the EW correction always increases the LO distribution in 
the whole plotted region. We see also that the absolute NLO EW, 
h.o.ISR, beamstrahlung relative corrections to rapidity distribution 
of the hardest photon reach their maximum at margin of the se-
lection cut (i.e., |yγ1 | = 3.0).
The LO and EW corrected distributions of the invariant mass 
Mγiγ j and the separation in the rapidity and azimuthal angle 
(y − φ) plane Rγiγ j (R =
√
y2 + φ2) between the ordered pho-
tons, where i, j = 1, 2, 3, are plotted in Fig. 4a and b respectively. 
The ﬁgures show that both the Mγ1γ2 and Mγ1γ3 tend to become 
smaller after total EW correct, which is natural since the addi-
tional EW radiation carries away energy. We also can see that the 
peaks arising in the Rγ1γ2 and Rγ1γ3 distributions near the angle π
(180◦), suggest that the emitted photons are mostly back-to-back. 
The hardest photon γ1 is separated from the second (third) hard-
est one, i.e., γ2 (γ3), by at least Rγ1γ2 = 2π/3 (Rγ1γ3 = π/2) at LO, 
whereas including the EW corrections they can be very small due 
to the emission of the extra radiations.
4. Summary
In this paper, we present the full NLO EW corrections, the 
h.o.ISR contributions in the leading-logarithmic approximation and 
beamstrahlung effects to the triple photon production in e+e−
46 Y. Zhang et al. / Physics Letters B 758 (2016) 42–46collision mode at the ILC. The e+e− → γ γ γ process is very im-
portant background to understand the nature of the Higgs boson 
and explore the QNGC Zγ γ γ . We analyze the EW quantum ef-
fects on the total cross section and ﬁnd that the LO cross sec-
tions are increased by the NLO EW, beamstrahlung and total EW 
while reduced by h.o.ISR in the whole plotted 
√
s range, and the 
inﬂuences of the NLO EW, h.o.ISR and beamstrahlung on the to-
tal cross section are all sizable. We also investigate some impor-
tant LO and EW corrected kinematic distributions of ﬁnal pho-
tons, i.e., pγ1T , y
γ1 , Mγiγ j and Rγiγ j , and ﬁnd that the EW cor-
rection exhibits a strong dependence on the observable and on 
phase space. We conclude that both the NLO EW, h.o.ISR and 
beamstrahlung corrections are worth being taken into account 
in precision measurement of the triple photon production at the 
ILC.
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